Advanced Mathematical Models & Applications Jomard
Vol.3, No.3, 2018, pp.215-222 Publishing

ON A DETERMINATION OF THE INITIAL FUNCTIONS FROM THE
OBSERVED VALUES OF THE BOUNDARY FUNCTIONS FOR THE
SECOND-ORDER HYPERBOLIC EQUATION

H.F. Guliyev', Z.R. Safarova®’

'Baku State University, Baku, Azerbaijan
2Nakhchivan State University, Nakhchivan, Azerbaijan

Abstract. In this paper, the problem of determining the initial functions for the second order linear hyperbolic
equation is considered. The problem is reduced to the optimal control problem. The necessary and sufficient

optimality condition is derived for the obtained new problem.

Keywords: hyperbolic equation, initial functions, optimal control problem, necessary and sufficient condition.
AMS Subject Classification: 31A25, 31B20, 49J15.

Corresponding author: Z.R. Safarova, Nakhichivan State University, University campus, AZ7012, Nakhchivan,
Azerbaijan, e-mail: seferovazumrud@Qymail.com

Received: 24 October 2018; Revised: 23 November 2018; Accepted: 06 December 2018;

Published: 28 December 2018.

1 Introduction

In direct problems of mathematical physics, it is required to determine the functions describing
various physical phenomena. In these cases, the coefficients of the equations of the studied
processes, right-hand side, initial state of the process, boundary conditions are assumed to
be known. However, these parameters are often unknown. Then inverse problems arise, in
which, according to information about the solutions of the direct problem, it is required to
determine certain characteristics of the process. These problems are usually ill-posed. Since
these parameters are important characteristics of the process under consideration, the study of
inverse problems for the equations of mathematical physics is one of the important problems of
the modern applied mathematics (Kabankhin, 2009).

In this paper, the problem of determining the initial functions from the observable values
of the boundary functions for the linear second-order hyperbolic equation is considered. This
problem is reduced to the optimal control problem and is investigated by the methods of optimal
control theory. We note that the similar problem for a parabolic equation was studied by Lions
(1972).

2 Formulation of the problem

Let the state of the system u(z, t) be described by the following second order hyperbolic equation

0%u
ﬁ"’Au:f(l‘at% (CE,t) EQa (1)
where
"9 ou
AU = — i]z:l aiévl(al](l‘,t)aixj) + ag(x,t)u,
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Q = 0x(0,T)is acylinder in R"*!, Q C R" is a bounded domain with smooth enough boundary;
T > 0 is a given number, f(z,t) € La(Q), a;i(z,t) € CHQ), ao(z,t) € C(Q) are given functions
and a;;(z,t) = aji(z,t),4,j = 1,n,

I/Zfl < Z aij(x,t)&€j;v = const > 0,Y(z,t) € Q,VE = (&1,...,&,) € R™.

3,j=1

u(x 0)

Consider the problem of determining the initial state (u(z,0), ) at the observed values

of the state of the system at the boundary

ou
U|S=907%|S=913 (2)

n
where S =T x (0,7) is a lateral surface of the cylinder @, 88711 = > aij(z, t) cos(l/ x;) is a
ij=1

conormal derivative; v is outward normal to the boundary I' of the domain €, gy € W3 (S), g1 €
Lo (S) are given functions.

It is supposed that there exists the function u(x,t) from W} (Q), satisfying relations (1),(2).
If T > 0 is large enough then such function is unique. Indeed if @(x,t) is the second such
function, then the difference u = v — @ satisfies the relation

0*u ou
92 +Au=0 in Q,u|ls =0, oa

ls =0,
for enough T 4 = 0 (T depends on the geometry of the domain €, see. Lattes et.al. (1970),
p.196). Thus, there exists some defined initial state (u(z,0), W). Consequently, one can set

the problem on determination of the value (u(z,0), %) of the solution to Cauchy problem

(1),(2).

3 Transformation of the problem

We consider u(z,0) = v}(z), augi’o) = v3(x),v0(z) = (v§(x),v3(x)) as a control that should be
defined by the optlmal way in the sense given below. Let v(z) = (v}(z),v*(z)) be an arbitrary
control, v!(z) € W2 (2),v2(z) € La(f2). Denote H = VV2 (Q) x La(92).

Introduce two systems the states of which u' = u!(z,t;v) and u? = u?(z,t;v) are defined as
solutions of the corresponding boundary value problems

0%*u! )

pIe + Ayt = fin Q, (3)
uls = go,u'(x,0;v) = v'(x), au(g;O’U) =v%(z) in Q (4)

and .,
0
8; + Au? = f in Q, (5)
2 .

Ou —|s=g1,u (x,O; v) = Ul(l‘), M = U2(£L‘) in Q. (6)

ovy ot

Here the compatibility condition
— ol
golt=0o =v"[r =0
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should be met. Note that boundary value problem (3),(4) (also (5),(6)) for each control v(x)
from H has the only solution from W3 (Q) (Ladyzhenskaya, 1973, pp.209-215; Lions et al., 1971,
pp.296-302) and the following estimations are valid

lutlwa ) < cUlf Lo + 10 lwg ) + 192 Loy + l9ollwacs)) (7)

and
[y < cUlf o) + 10wy + 19% o) + o1l Logs))- (8)

Here and further on by ¢ we denote different constants not depending on the admissible controls
and quantities under estimation.

As a generalized solution of boundary value problem (3),(4) at given v € H we assume the
function u? € W2 (Q), which is equal to v!(z) at ¢ = 0 and satisfies to the integral equality

ou' Oy - oul 9oy
/ BT + 'jzl am(ﬂc,t)gj oz, + aguyp | drdt—
Q b=

Q

- [ P@erta. 00z = [ fordadt,
Q

for all 1 = ¢1(x,t) € WQ{O(Q), ¢1(z,t) = 0. Similarly, the definition of the generalized solution
to problem (5),(6) may be given. It is obvious that if v(z) = vo(z) = (v{(x),v3(z)), then
ul(vg) = u?(vg). Introduce the functional

1

Ty = / [ (v) — u2(0)2dad. (9)

Q

Then one can state that there exists a control vg € H for which

Ulél[f:[ J(v) = J(vg) = 0. (10)
We search the value (u(z,0) = v}(z), Bugxt,O) = v3(r)) considering relation (10). Since relation

(10) is equivalent to the initial problem, it contains the instability property of this problem. We
reduce it to the stable problem. The functional J(v) given by formula (9) is unconducive in the
space H, therefore we have to regularize this functional. For € > 0 consider the functional

€12 2112
= = . 1
Je(v) = J(v) + Slllv le(Q)Jr Gl (11)

2

that will be minimized in H. Since problems (3),(4) and (5),(6) are linear with respect to
v = (v',v?), the functional J(v) is convex, due to the second term J.(v) is strong convex on H.
Therefore, by virtue of the well-known theorem (Lions, 1972, p.13) in new problem (3)-(6),(11)
there is a unique element v, = (v}, v2) € H minimizing J.(v) and by virtue of the theorem (Lions,
1972, p.48) ve — vp in H at £ — 0. Thus, we have reduced the problem under consideration to
the finding the element v.. This new problem is already stable. Indeed, relation (10) is valid
only for some particular values gy and g1, and satisfying the compatibility conditions. Therefore,
the element vy(x) in relation (10) does not depend continuously on the functions gg and g;. At

the same time, the element v, depends continuously on these functions.

4 Search of v. and optimality condition

Consider more general problem: it needs to find inf J.(v) at v € U C H, where U is a convex
closed subset of H.
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We investigate the Frechet differentiability of functional (11). Introduce the adjoint state
Y = (Y1, ?) setting ! = Yl (z, t;v:), Y2 = ¥?(x,t;v.), as solutions of the problems

82 1
AU = 0 (02) —u(v2) i @ (12)
1 .
Vs = 0.0 (@, T = 0, 2T gy g (13)
and 9202
AU = 0 (0) —v(v2) n @ (14)
on? o? T ve .
aszs:O,d)Q(x,T;vE) :O’Qﬂ(ﬂgtv) =0 in Q. (15)

As a generalized solutions from W3 (Q) of boundary value problems (12),(13) and (14),(15) for
the given v. = (vl,v2) € U we assume the vector function ¢ = (¢!, 9?) = (Yl (z,t;v.), 92 =
Y?(x,t;v.)) equal to zero at t = T, components of which satisfy the integral equalities below

8w1 6771 n 8¢ 8771 1
/ ~or o T 2 o drdt=
Q R
1 :
B / Wm (z,0)dz = /[Ul(Us) — u?(ve)|mdadt, (16)
Q Q

for all 1 =1 € Wao(Q),

an 8,’72 n § 81/) 772
/ |:8158t+ Z_ ij(x,t)=— oz, O, M9 | dedt—
Q "=
2 .
- [ 0y = [ (00) = P am)
Q Q

for all ny = m2 € W3(Q).

As follows from Ladyzhenskaya (1973), p.209-215; Lions et.al. (1971), p.296-302 under the
above assumptions for each given v, € U each of problems (12),(13) and (14),(15) has the only
solution from W (Q) and the estimations

1wz ) < ellu' (ve) = (v a@)

12 lwa ) < cllut (ve) = w?(ve)ll a0
are valid. Then from those estimation and also from (7),(8) follows that
1 ) < ellfllLa@) + o2l oy + 1021 Loy + lgollwz sy + 911l Lacs)) (18)

and
162w ) < cUlf Lo + i lwg ) + 1921 Loy + lgollwacs) + 911l La(s))- (19)

Theorem 1. Let the conditions of problems (3)-(6),(11) be satisfied. Then functional (11) is
continuously Frechet differentiable on U and its differential in the point v. € U at the increment
dv = (dv!,0v?) € H,v. + dv € U is defined by the expression

< J(.), 60 >— / W (@, 0 02) — 62 (x, 0 v)] 602 () dat

Q
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+/[8@Z)1($,0;U5) B ¢2($a0;ve)]5v1(:¢)d$+

ot ot
Q
— vl dsu!
151 25 92
—l—z—:/[vsév —l—z; 53; oz, + vZv]dx. (20)
Q =

Proof. Let v.,v. + dv € U be arbitrary controls and du = (dul,éu?), su!l = éul(z,t) =
ul(z,tjve + 6v) — ul(z, t;0e), Su? = du’(z,t) = u’(z,t;ve + 0v) — u?(z,t;0:). From (3)-(6)
follows that du', Ju? are solutions from W, (Q) to the following boundary value problems

25,1
‘98‘;;‘ + Adu' =0 in Q, (21)
1
sulls =, 6ul(z,0) = dvl(z), 85u8(tx,0) = §v?(z) in Q (22)
and Y
88(7557; + Asu®* =0 in Q, (23)
2
@\S =0, 0u?(z,0) = dv'(x), 90u(,0) = sv?(z) in Q. (24)
ovy ot

From the knows results (Ladyzheskaya, 1973, pp.209-215; Lions et al., 1971, pp.296-302) we
obtain that for the solution of problems (21),(22) and (23),(24) the estimations

1 1 2
16w [l (@) < c(lldv ||V;1(Q) + 1007 Ly)s (25)

2

2 1 2
16wl (@) < c(lldv IIV%(Q) + 1007 Ly(e)- (26)

2

are valid.
Increment AJ,(ve) = Je(ve + 0v) — J:(ve) of functional (11) in the point v. € U has a form

AJ(ve) = ;/ {[u' (ve + 0v) — u? (ve + 0v))* — [u' (v:) — u?(ve))* } dodt+

d(vk + dvl) 2_ ov} 2 n

+ (vg + 51)2)2 — (%2)2] dr = /[ul(vg) — uz(vg)]((sul — 5u2)dxdt+

n

i=1

+5 / (3" — b0 Pawdt + & / [(6v1)? + i(%‘z’: 12 4 (5v%)2da. (27)
Q Q =

It is obvious that the functions du'(xz,t) and du?(z,t) satisfy following integral identities

n

dout oy dou' Doy 1
/ lﬁtat + Z a;j(x,t) dz; Ox; + apdu 1 | drdt—
Q

ij=1
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—/@1($,0)5U2d£€ =0 (28)
Q
for all ¢ € W1,(Q), ¢1(2,T) =0,
Adu” Opa - ‘ d6u? Do
/[ o ot T 2 wlm )G g ]
Q i,7=1
—/g@g(:p,O)MQda: =0, (29)
Q

for all o € W1(Q), pa(x, T) = 0 and conditions du'(z,0) = dvl(x), u?(z,0) = svl(z) at t = 0.
Taking 1 = dul, n2 = du? in identities (16), (17) and ¢ = ¥', po = ¥? in (28), (29) and then
subtracting (28) from (16) and (29) from (17) we get

/8 (51} d:v—i—/l/J z,0)6v% (x)da :/[ul(ve) — u?(v.)|Sutdadt, (30)
Q Q

2 X
_ / W{Svl(fv)dx + /w2($70)5vz($)dx _ /[ul(vs) . U2(U5)]5u2dajdt. (31)
Q@ Q

Q

From formulas (30) and (31) follows that

/[ul(vg) — u?(v.)][ou! — du?]dzdt =
Q

2 T 1 T
= / |:67/} a(t,o) _ 8w ét,o)] 5U1(l‘)dl'+/ [1/)1(1',0) _¢2($’0)] 5U2(l’)dl‘ (32)
Q

If to consider formula (32) in the expression for the increment of functional (27), then we obtain

o [[RE0 ww)
AJ.(v.) Q/{ }61()d+

ot ot

+/ [d)l(:p,()) - ¢2(m,0)] Sv*(x)dx + 6/ [Ugévl—k

Q Q
v} ov! 2¢ 9
g . Da; O + vZév*| dz + R, (33)
where
-1 / — 6u?)?dxdt + = /[(51}1)2 + En (651;1 )2 + (60*)%)dx (34)
2 2 1 ox;
Q Q =

is a remainder term. From estimations (25), (26) and expression for R it is easy to get the
estimation

R < c(||6v] - ov? ) 35
< c(||ov HW%(Q)HI v Ly ) (35)

Thus from formula (33) and estimation (35) follows that the functional J.(v) is Frechet differ-
entiable on U and its differential is determined by expression (20).

Now we show that the mapping v. — J.(v:), defined by expression (20) acts continuously
from U into H*, where H* is adjoint to the space H and H* = W, *(Q) x La(). Let §¢p =
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09!, 09%) = (N (@, t0e + dve) — (@, 85 0e), ¥ (2, ve + dv2) — P2 (2,8 v:)). From (12)-(15)
follows that di! and 12 are solutions from the class W4 (Q) to the boundary value problems

25,/,1
a(;ig + Adpt = dut(ve) — duP(ve) in Q,

85¢1 (x7 T7 U&‘)

§bls = 0,60 (2, T;v.) = 0, o =0 in Q
and e
T+ AR = bu () — () i Q,
ay, 2 00 (x, Tyve)
%’S - 0761/} (JI,T,’Ua) - OuT =0 in Q.

As in (18), (19), for the solutions to these problems the estimations
169 lwp (@) < clllout o) + 100l Ly@)) < clllovillwg (@) + 16v2 ] Ly)),

1592w (@) < ellldul| @) + 100l La@)) < clllovellwg o) + 1602 Ly())- (36)
are valid. Moreover (20) implies validity of the inequality

1T (ve + 8ve) — JL (o) < e / (60 (2, 0; 02)] + [0z, 0: 02) |+

Q
o6t (x,0;v 06¢%(x,0;v
S
—|—c/[|5v€1| + ;| 83:; | + |6v?|)d.

Q

Then due to estimation (36) the right hand side of this inequality tends to zero at ||dve|| gz — 0.
It leads us to the fact that v. — J.(v.) is a continuous mapping from U into H*. Theorem 1 is
proved. O

The next theorem is on the necessary and sufficient optimality conditions in problem (3)-
(6),(11) using the differential of functional (11).

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then for the optimality of the
controlvs(x) = (v}(x),v2(z)) € U in problem (3)-(6),(11) it is necessary and sufficient fulfilment
of the inequality

/ [0 (@, 0 02) — 92, 0; 02))(03(x) — 02(2))dar+

o g (@) —vi(e)de+

Q
- [@) Pt
Q

n

Ul Ul T Ul X
te [00M @) - ) + 3 5 (T - 2L ) - 20, )
i=1

Q

for arbitrary v = v(z) = (v}(z),v%(z)) € U.

Proof. The set U is convex in H and the functional J.(v) is strongly convex on U and according
to Theorem 1 functional (11) is continuously Frechet differentiable on U. Then due to Theorem
5 (Vasilyev, 1981, p.28)on the element v, € U it is necessary and sufficient fulfilment of the
inequality < J.(v:),v —ve > for all v € U. From this and (20) follows the validity of inequality
(37). Theorem 2 is proved. O
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Now if to suppose that U = H in condition (37), then we get
Y (z,0;v.) — 2 (z,0;v.) + ev?(x) = 0 in Q,

6 ! 70a 3 2 ,0, e )
. (gt & B v (xat ve) +5(U;($)—AU€1(I)) =0in Q

in the sense of distributions, where A is the Laplace operator.
As a result we get the following

Theorem 3. Let the conditions in the formulation of problem (3)-(6),(11) hold. Then to find

the optimal control v.(z) = (v}(z),v2(x)) € H it is necessary solving the problem:

W1+A1 . i A= .
o2y ¢ g2 26 g (38)
5 + AY =l g T AY =u' —u? in Q;
ou? o2
g =90 = 0.5 =0 on 5 (39)

ou*(x,0 ou?(z,0
v (,0) = (gwo() ) o =2 Q2(aT) _
Pz, T) =0, =0,¢?(x, T) —0 =0,

$1(2,0) — (2, 0) + 20D 0 g 0, 20 0 4 (410, 0) — Aut(2,0)) =0 in O

in the sense of distributions.

It follows from this fact that, to find the optimal control v.(x) one first have to solve system
(38)-(40), and then set
1
) = ul(a,0), o2(@) = 2200

v
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